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Abstract

The problem of recovering information from measurement data has already been stud-
ied for a long time. In the beginning, the methods were mostly empirical, but already
towards the end of the sixties Backus and Gilbert started the development of mathe-
matical methods for the interpretation of geophysical data.

The problem of recovering information about a physical phenomenon from measure-
ment data is an inverse problem. Throughout this work, the statistical inversion
method is used to obtain a solution.

Assuming that the measurement vector is a realization of fractional Brownian motion,
the goal is to retrieve the amplitude and the Hurst parameter. We prove that under
some conditions, the solution of the discretized problem coincides with the solution of
the corresponding continuous problem as the number of observations tends to infinity.

The measurement data is usually noisy, and we assume the data to be the sum of
two vectors: the trend and the noise. Both vectors are supposed to be realizations
of fractional Brownian motions, and the goal is to retrieve their parameters using the
statistical inversion method. We prove a partial uniqueness of the solution. Moreover,
with the support of numerical simulations, we show that in certain cases the solution
is reliable and the reconstruction of the trend vector is quite accurate.
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Introduction

An inverse problem framework consists of a physical model M, a set of model param-
eters (not all directly measurable) describing M and a set of observable parameters
whose values depend on the values of the model parameters. Solving the forward prob-
lem means calculating the values of the observable parameters given the values of the
model parameters. On the other hand, solving the inverse problem means inferring
the values of the model parameters given the values of the observable parameters.

In this work we consider the problem of recovering information from geophysical data.
Like most of the natural phenomena, geophysical data are measured directly and indi-
rectly. For example, the temperature of the air at different altitudes can be measured
directly. On the other hand, the ozone density in the stratosphere cannot be measured
directly. However, it is possible to retrieve it, since it is known from physics that the
ozone density is a function of pressure (see [5]).

Both measurement vectors, the air temperature and ozone density, are affected by
noise due to the climatic conditions and the measuring instrument accuracies and
electronics. In this example, the inverse problem would be to retrieve the trend by
eliminating the noise from the measurement vector.

For a long time, the methods for extracting information from data were mostly em-
pirical. Backus and Gilbert made a systematic study of the mathematical structure
at the basis of the inverse problems and started the development of methods for the
interpretation of geophysical data (see, e.g. [1], [2]).

To recover the solution of the inverse problem in this work, we use the statistical inver-
sion method. The statistical inversion method is well known among scientists dealing
with measurements of natural phenomena (see [20, 21]). The method is theoretically
simple and gives surprisingly good results. The characteristic of this method is to
think that the measurement vector is actually a realization of a stochastic process.
The statistical inversion method assumes that all the information about the measure-
ment vector is contained in this distribution. The nature of the inversion problem
is further described by an appropriate a priori, prior, probability distribution for the
solution.

In this work, we approach the problem from a mathematical point of view. Usually
measurements are noisy. One of the most difficult problems in recovering the solution
is noise estimation. Usually the phenomenon we want to recover has a non-stationary
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trend. The measurement data is then the sum of the trend and noise. Here, we
assume that both the trend and the error are realizations of fractional Brownian
motions with different parameters. We suppose that we have no a priori knowledge
about the underlying parameters of the two fractional Brownian motions and use the
stochastic inversion method with a constant prior distribution.

This work has two main goals. The first one is to prove that the solution of the
discrete problem associated with a continuous problem coincides with the solution of
the original continuous problem as the number of observations tends to infinity. The
second goal of this work is to prove the uniqueness of the solution of the problem to
recover the two fractional Brownian motions from their sum.

This will be done in several steps. In the first chapter, we consider a realization
of Brownian motions and calculate the a posteriori, posterior, distribution of the
amplitude parameter. We prove that the posterior distribution concentrates on the
correct value of the parameter when the number of measurements tends to infinity.

This answers a question always present when recovering information from geophysical
measurements. The models studied are usually continuous in time, but the measure-
ments are performed on a discrete set of time variables. The question is whether this
affects the reliability of the solution. We prove that the solution of the discretized
problem tends to the solution of the continuous problem when the number of mea-
surements tends to infinity.

In the second chapter, we generalize the result of the first chapter to the case of a
realization of fractional Brownian motion with a fixed Hurst parameter. The main
difficulty in the analysis is due to the complicated form of the inverse of the covariance
matrix, here called the inverse covariance matriz, of the stochastic process. In the
proof, we have to make some assumptions based on numerical results, and consider a
simplified version of the problem. In particular, we consider an approximation of the
inverse of the exact covariance matrix, here called the approzimate inverse covariance
matriz, in order to perform the analytic calculation. Due to a technical assumption,
we also need § < H < 1.

When estimating the Hurst parameter of a fractional Brownian motion with a fixed
amplitude parameter, we prove that the statistical inversion method gives the correct
solution for the estimator when the number of measurements is large enough. Also in
this case, since we use the approximate inverse of the covariance matrix, we need the
restriction % < H <1

In the third chapter, we consider the sum of two fractional Brownian motions. We
assume that the measurement vector is a stochastic process consisting of the sum of
two realizations of fractional Brownian motion. One realization represents the trend
and the other one represents the noise. We prove the partial uniqueness of the solution
obtained using the statistical inversion method.

In the fourth chapter, we present simulation results. We generate two realizations
of fractional Brownian motion. Taking the sum of these two realizations, we obtain
a measurement vector. From the posterior distribution, we retrieve the underlying
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parameters and reconstruct the two realizations. The simulations show that it is
possible to retrieve the underlying parameters in the case 0 < H < % Moreover,
in the case of the sum of two fractional Brownian motions, the simulations support
the analytic result and show that it is only possible to retrieve the smaller of the two

Hurst parameters.

In the fifth chapter, we conclude that the statistical inversion method gives satisfactory
results when retrieving the trend from measurements where both the trend and the
noise are assumed to be realizations of fractional Brownian motions with different
underlying parameters.






Chapter 1

Retrieving the amplitude parameter
of Brownian motions

We start by some concepts from probability theory that will be used below. Let
(Q, B, P) denote a given complete probability space and B(R™) is the Borel o-algebra
of R™.

Definition 1.1. A B-measurable function X : 2 — R" is called a random variable.
Every random variable X induces a probability measure px on (R™, B(R™)), defined
by

px(B) = P(X~1(B)). (1.2)

The measure px is called the distribution of X. A stochastic process is a collection
of random variables {X (¢),¢ € I} defined on a probability space (2, B, P) with values
on (R™ B(R™)).

The index ¢ represents the time (i.e. I is a subset of the real line). This means that
X is a real-valued function X (¢,w) on I x © which is a B-measurable function on 2
for each ¢t € I. In this paper, we will occasionally use the notation X (¢) to denote the
random variable X (¢, -).

Definition 1.3. A stochastic process {X(t),t € I} defined on a probability space
(Q, B, P) is called an additive process (or a process with independent increments)
if for any {t1,t2,...,tn} € I,t; < ta < ... < t,, the system of random variables
{X(tiy1,") — X(t;,+),i=1,2,...,n — 1} is independent.

The definition and basic properties of Brownian motions, denoted as BM from now
on, follow below.

Definition 1.4. A Brownian motion is an additive random process B on a prob-
ability space (€2, B, P) and an interval I C R such that:

5
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1. for fixed w € Q, B(t,w) is a continuous function with respect to ¢, and with
probability 1 we have B(0,w) = 0 (i.e. the process starts from the origin).
2. Vt > 0 and h > 0 we have

B(t + h,w) — B(t,w) ~n(0, h)

where 7(0, h) is the normal distribution with mean 0 and variance h. Thus

2

P(B(t+ h,w) — B(t,w) < z) = (2rh) /2 /I exp(—;—h)du.

— 00

Remark 1.5. Since the distribution of B(t + h,w) — B(f,w) is independent of ¢ (i.e.
B has stationary increments), assuming that ¢ = 0 above, it is easy to see that
B(t,w) ~n(0,t) Vtel.

The above definition is easily extended from R to R™:

Definition 1.6. 1. Stochastic processes X; and X5 defined on the probability
space (2, B, P) with values in (R, B(R)) are stochastically independent pro-
cesses if, for any finite set of time points

t117t127 "'7t1n17t217t227 '~'7t2n27

the vectors

X1 = (X1(t11)s oo, X1(t1,01)), X2 = (Xa(t21), s X2(t2,ny))s

are independent.

2. A random variable B = (B, ..., B,) : [0,00) — R™ is an n-dimensional Brow-
nian motion on the probability space (92, B, P) if for each i = 1,...,n, B;(t,w)
is a 1-dimensional Brownian motion, and the stochastic processes {Bj, ..., By}
are stochastically independent.

As in Definition 1.4, it is easy to prove also in the multidimensional case (see [4]) that
the process defined in definition 1.6 can be characterized as a process having station-
ary independent increments such that X (¢) — X (0) has an n-dimensional Gaussian
distribution with zero mean and covariance matrix equal to t - J,,, where J,, is the
n-dimensional identity matrix.

Moreover, letting B(t,w) = a~'/2B;(at,w) we have Va;, u/\/a = v and du = \/av:
P((Bi(t + h,w) = Bj(t,w)) < x;)
= P((Bi(a(t + h),w) — Bi(at,w)) < a'/?x))
= P((Bi(ah,w) — Bi(0,w)) < a*/?x;)

12,

o 2
= 071/2/ (2mh)~Y/2 eXp(_;o%h)dui (L.7)

— 00

ZT; 2
= / (27h) Y2 exp(— 2 Vdv;
o 2h

= P((B;(t + h,w) — Bi(t,w)) < z;).
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It is straightforward to show that B.(¢) is a continuous stochastic process starting from
0 and additive, and hence a Brownian motion. Since { By, ..., B}, } are also independent,
the process B’ is an n-dimensional Brownian motion. Thus a'/?B(t,w) and B(at,w)
have the same distribution, i.e. the Brownian paths are self-similar.

1.1 The statistical inversion method

We will use a mathematical formulation of the classical statistical inversion method
as in [20, 21]. Usually, in solving ill-posed inverse problems, the quality of the result
depends on how well one is able to make use of prior information. The main idea
in the statistical inversion method is to consider the inverse problem as a Bayesian
inference problem.

In statistical inversion theory, both the unknown quantity and the measurements
are considered to be random variables. The randomness of the variables reflects the
uncertainty on their actual value and the probability distribution of each variable de-
scribes its degree of uncertainty. The conditional distribution of the unknown variable
given the measurement, the posterior density, will give us the solution in the Bayesian
inference.

This last characteristic, in particular, makes the difference between the statistical
approach and the traditional approach. Classical regularization methods produce
single estimates for the unknown. The statistical method instead gives a distribution
that can be used to obtain estimates of the unknown.

Consider measurable spaces (M;, B;), i =0, ...,n. Let m; : Q@ — M; be a set of random
variables such that my, ...m,, are independent of mg. Suppose that we want to retrieve
the variable mg and denote the measurement vector by (71, ..., 7, ). Assuming that
the conditional density D(myg, 1, ..., ;) exists, the posterior distribution of the
variable mg can be defined by the conditional distribution

Dpost(m()) = D(m0|m1 = ml, ey My, = mn)
D(mg, M1, e,
_ (mo e 1 ) (18)
f]\/lo D(mo,ml,...,mn)dmo

~ Dpr(mo) D(ml, cony TAan|m0)
where D,,.(mg) represents the prior distribution of my.

The approximate equal sign ~ means that Equation (1.8) is true up to a normalization
constant.

To estimate the point mg we use in this work one of the most popular statistical estima-
tors, the maximum a posteriori estimate (MAP). Given the posterior probability
density D(mg|mi = My, ...,my = 1hy,) of the unknown mg € My, the MAP estimate
will be

(mo)pmap = arg max D(mglmy = my,...,my, = my,),
mo€ Mo

provided that such a maximizer exists.
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In this work, we use the statistical inversion method in the study of the posterior
distributions. In particular, the solution of the problem presented above is given by
the point mg where the posterior distribution Dp,s (1) maximizes, i.e. we calculate
the maximum likelihood estimate.

One of the main problems is to specify the prior distribution of the unknown variable
myg. Usually, the only solution to this problem is to guess the most suitable prior dis-
tribution for mg. In many cases, and in particular in this work, the prior distribution

may be supposed to be constant.

1.2 The inverse problem

In the following we consider the stochastic process
X(t,w) = VaB(t,w). (1.9)

The positive constant a is called the amplitude parameter. Figure 1.1 shows a realiza-

5 T T T T T T T

a'1/2)B(t)

X(t)

1 1 1 1 1 1 1
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
t

Figure 1.1: X (t,w) = VaB(t,w).
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tion of the process defined above. In this section, our goal is to retrieve the amplitude
parameter, if X (¢) is known for each ¢ € I. We use the statistical inversion method to
find the posterior distribution of the amplitude parameter a, and obtain the maximum
likelihood estimate of our parameter.

Let X,y = (X (t1,w), ..., X (tn,w))” be the vector of the observed values of (1.9) at
n time instants ¢q,...,t,. Since X(¢;) is Gaussian, the joint distribution function of
X(n) is

2 -3 1 -
D(X(t1),...., X(tn)) = (2m) 7% S| 2eXp(—§X(n)Z(n1)X(n))

where ¥, is the covariance matrix of the stochastic vector, i.e. (c.f. [17])
(E(n))ij :&-min(ti,tj) VZ7] = 17...,’[7,.
In this paper we always assume that the stochastic process is non-degenerate, i.e.
S| #0.
By Equation (1.8), the posterior distribution for the process (1.9) will be

Dpost (&7 X(n)) = DPT(d) D(X(n) |d)

We also assume that we do not have any prior information on the behavior of a. We

always assume that
1

th —t1

Dpr(a) =

In order to simplify notations, we define 3 = (t,, — t;)~!, but keep in mind that it
depends on the length of the sampling interval. Thus for the process (1.9) we have

N —n -1/2 Lo 1
Dipost (@, X(my) = B (21) "2 S| exp(—ix(n)x(n)X(n)). (1.10)

Figure 1.2 shows a possible posterior distribution. In Bayesian inference, the study
of this posterior distribution gives an estimate of a.

In this way, the problem of recovering the amplitude parameter is solved. However,
if we want to recover a parameter related to a physical phenomenon, we are dealing
with a process defined for all ¢ € I, not just on a discrete set of observation times ;.
Once we make measurements, we make it a discrete problem. In many cases, it is still
an open question whether the solution of the discretized problem will coincide with
the solution of the continuous problem.

We prove that, in the limit n — oo, the solution of the discretized problem is the
same as in the continuous case for the process defined in Equation (1.9).

1.3 Study of D,,s(a,X) when n — oo for t € [0, 00)

In this section we prove that, for the problem in Equation (1.9), the estimate a
obtained from the posterior distribution coincides with the parameter a in the limit
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0.015

0.01-

Dpost(a,X)

0.005

0 100 200 300 400 500 600 700
a

Figure 1.2: Posterior distribution Dp,s(a, X(y,))-

n — oo. This is possible when the posterior distribution is concentrated around the
value a.

Figure 1.3 shows how the width of the posterior distribution depends on the number
of measurements. In particular, in the following calculation we assume equidistant
measurement times, i.e. ¢; are s.t. t; < ... < t, with ¢;11 —t; = h. By letting n — oo,
we suppose that we are measuring for an infinitely long time. Although this is not
possible in reality, it will be convenient to prove the theorem first in this case.

Before the proof, we need some preliminary results. We use Laplace’s method to study
the asymptotic behavior of integrals.

In the following, by A ~ B as x — oo we mean that

lim Az)

w50 Blz)

=1

In such case we say that A is asymptotic to B. Clearly this is a symmetric relation,
ie. A~ B<«<= B~ A.
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Conditional posterior distribution with respect to a
035

03+ /\

=0.7

02f

01561

Dpost((a,H),X) with H

01F

0.05

100

Figure 1.3: Posterior distributions of a realization of the same process with a different
number of measurements.

From Theorem 19.3b in [9], we have the following corollary:

Lemma 1.11. (Laplace’s method) Suppose f : [b,d] — R satisfies the following:

1. f has two continuous derivatives in {b < t < d}, where b and d may be finite or
infinite,

2. f is decreasing in {b <t < c} and
[ is increasing in {c <t < d}

3. f'(¢) =0 and f"(c) >0,

4. there is an xo for which

b
[(x):/ e Wt

exists for T = xg.

Then I(z) exists for all x > xo and

e—Zf(C)‘ /2

I(z) ~
() zf"(c)
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By Stirling’s formula [9]

T(z+1) ~V2ra®tse as x — oo. (1.12)
Let X(,) be the process defined in (1.9). To simplify notations, we define y; =
X(t,;,w) — X(ti_l,w), Wlth to = O

From the definition of Brownian motion, it follows that the covariance matrix of the
stochastic process X ;) is equal to a ¥, where

1 1 1 ... 1 1
1 2 2 .. 2 2
i(n) _ 1 2 3 ... 3 3 ’ (1.13)
1 2 3 n—1 n-—1
1 2 3 n—1 n
and its inverse
2 -1 0 0 0
-1 2 -1 0 0
Sy = 0 -2 00 (1.14)
0 o o0 ... 2 -1
0 o o0 ... -1 1
Because of the simple structure of the inverse of the matrix i(n), we have
X Z A X ) = Y (X (ti,w) = X(tio1,0))” = > w7 (1.15)
i=1 i=1

Denote S,, = >, y?. Note that from Definition 1.4 it follows that y; ~ n(0,ah),
where h = t; 11 — t;. Without loss of generality, we may set h = 1. Also note that

S| = a" | S
for all a # 0.

= 1, the process X(,) will be non-degenerate

. Then, since ‘i(n)

We can now prove the following:

Theorem 1.16. Let X(,) = (X (t1,w), ..., X (tn,w))” be the vector of measurements
in (1.9) with tiy1 —t; = h, and @ a random variable with distribution Dpost(a, X))
as given in (1.10). Then, for all € > 0 such that € < a

lim Pl@—e<a<a+e)=1.

n—oo

Proof. From Equations (1.10) and (1.15) we have

a+e
P(&—E<d<d+€):E[L/ (&)"/Qexp(

S,
d
C(n)(Snﬂ')n/z 2a 2 ) a}

zn
e a
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where C,,) is a normalization constant.

Substituting t = S, /2a this becomes

. . p 1 I fra
P(G_E<G<Q+E)Z§E[W ) t/ (& dt],

n

where

The normalization constant

_ [T B Sn
C(n) —A m exp(—%)da
1

= 7277(77571)"/2_1 I'(n/2 —1).

can be calculated analogously. Therefore, we have

1 dn
P(& —e<a<a + E) = mE[/I; tn/2_2€_tdt], (117)

where 3 = (t, —t;)~!. Defining

dn
I(N) = / /22 et
b

where N =n/2 — 2, we can rewrite Equation (1.17) as

1

E[I(N)]. (1.18)

Letting t = Nu we get

dn
I(N) = / 22 et
b

n

dn/N
= / e "N (uN)N Ndu
o/ (1.19)

dn /N
:/ NN+ g=uN Ny,
by /N

dn/N
— NN+1/ e—N(u—logu)du.
b /N

Since S, is the sum of positive independent random variables with a mean value a, it
follows by the Law of Large Numbers [9] that
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Next, we use Lemma 1.11 to calculate the integral (1.19). To do this, we estimate the
interval [b,, /N, d,,/N] in the limit for n — oco. Then

lim — = lim L
na

A S 2= 2)(a + <)

1
— lim —————>>  Ve<a
n—oo (n74)(1+a) 2

Hence [b,/N,d,/N] C [3,00) a.s. when n is large enough.

Next, we apply Lemma 1.11 with f(u) = u — logu. The critical point is ¢ = 1. Note
also that ¢ € [£,00). The function f(u) behaves as

L f(u), f'(u), f"(u)are continuous functions Vu € [, 00).

2. f(u) is decreasing Vu € [$,1] and f(u) is increasing Yu € [1,00).

3. At the critical point v = 1, we have f”(1) = 1 > 0, i.e. the critical point is
non-degenerate.

Since all hypotheses of Corollary 1.11 are satisfied, we obtain

I(N)NNNHe*Nf(l)i as N — oo.

Nf"(1)

Then, from Stirling’s formula (1.12), we finally have the asymptotic behavior of the
integral in Equation (1.18):

lim LN) = lim NTHe O 27
n=oo I'(N 4 1) T nSoo NN+1/2—-N,/or /Nf”(l)
N1/267N(1710g1)
= lim =1. a.s.

n—oo  e~N\/N .1

The use of Lebesgue’s dominated convergence theorem leads to

I(N
The theorem is proved. |

This theorem proves that the probability mass is all concentrated on the point a
when we measure the phenomena at the equidistant instants tq,...,t,, and n — oo. In
practice, this means that should be measuring for an infinite period of time.
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1.4 Study of D,,s(a,X) when n — oo for t € [0, 1]

Next, we rewrite the results of the previous section in the physical case t € [0, 1] and
the sample points #1, ..., ¢, € [0,1]. This is based on the self-similarity of BM.

Consider the stochastic process

X(t,w)~X(—,w).

t
n

F,w) ~ \/gX(t,w).

The previous theorem can be reformulated as

Then, from self-similarity follows

Theorem 1.20. Let X(,) = (X(t1,w), ..., X (£n,w))T be the measurement vector in
_ _ h
(1.9) with t; 1 —t; = —, and a a random variable with the distribution Dposi (@, X (y))
n
as given by Equation (1.10). Then, for all € > 0 such that € < a

lim Pa-e<a<a+e) =1

n— oo

Proof. The proof of this theorem is very similar to the previous one, the crucial
point being to pay attention to the fact that the process is scaled. We note some
consequences of the self-similarity for the stochastic process )_((n) with respect to the
process X y)-

\E|

where X,,) and E(n) are the covariance matrices of the processes X, and X(n)7

respectively, and E(n) = f](n).

S

With the above equalities and the same notation as in theorem 1.16, we can rewrite
Equation (1.19) as:

*

d'IL
I(N) — NN+1/ efN(uflogu)du’

where

S, n Snn
b= onl d &=
" T ONt(ate) 0 "~ 9Nt (a—e)



16 CHAPTER 1. AMPLITUDE OF BROWNIAN MOTIONS

Remembering that S,, is the sum of positive independent random variables with a
mean value a/n, in the limit for n — oo we have

nsS
lim b = lim ——

li na > ! Ve < a
1m - .
ne 2(nj2—2) (ate) 2 “

Hence [b},d%] C [4,00) a.s. when n is large enough.

Proceeding in the same way as in Theorem 1.16, the claim follows. ]



Chapter 2

Retrieving either underlying
parameter of fractional Brownian
motion

The fractional Brownian motion (FBM) with a Hurst parameter H € (0,1) was intro-
duced in [16] as a centered Gaussian process Zy = {Zg(t),t > 0} with a covariance

E(Zs(s), Zu(t)) = (Sr)e = %(s”f e T ) (2.1)

It is a process starting from zero almost surely. It has stationary increments, E(Z g (t)—
Zu(s))? = |t — s[*", is self-similar, i.e. Zy(at) has the same distribution as o Z ().

The value of H determines the nature of the FBM:

1. if H = %, the process is a regular Brownian motion.
2. if H < %7 the increments of the process are positively correlated.
3. it H > %, the increments of the process are negatively correlated.

In this chapter, we consider a stochastic process X with an amplitude parameter a
such that

X(t,w) = VaZy(t,w). (2.2)
The basic properties of this process are

1. E(X(t))=0forallt >0

2. Var(X(t)) = alt)|*” forallt >0

3. B[(X(t+h) — X(h)(X(s+ h) — X(h))] = %(SQH + 2 — |t — s|*), for all
t,s > 0.

17
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The main task in this chapter is to generalize the results obtained in the previous
chapter. In the case of FBM, we cannot use the law of large numbers, since the
realizations are not independent. However, we will try to find a similar instrument
to prove that when H € (0,1) is fixed, the mass of the posterior distribution is
asymptotically concentrated on & also for the process (2.2).

2.1 The posterior distribution of the amplitude parameter a

In this section, we assume that the value of the Hurst parameter H is fixed and study
the posterior distribution of the amplitude parameter a.

Let X () = (X(t1,w), ..., X (tn,w))” be the vector of observed values of the process
defined in (2.2) at n time instants ¢y, ..., t,. The conditional distribution of the process
X (n), given that the random variable a is equal to a, is

Dypost (@, X(n)) = Dpp(a)D(X(n)|a). (2.3)

Since X (t;) is Gaussian and we suppose the prior distribution of the amplitude pa-
rameter a is a constant c, the posterior distribution equals

—1/2

N _ 1 _
Dpost(a7 X(n)) = ﬁ (277) n/2 ’(ZH)(n)’ eXp(_ixg:n)(zH)(nl)X(n))v (24)

where 3 = (t, —t1)~ 1.

To prove a generalization of Theorem 1.20, we proceed in the same way as we did in
the previous chapter. However, since the increments of FBM are not independent as
was the case of BM, the covariance matrix (X)) is more complicated. In particular,
the quantity X7'(2 H)(_nl)X, necessitates some additional work.

To solve this problem, we introduce the process called fractional Gaussian noise, {Gn,
in the following way.

Let Y(,) = (Y1, ..., Y,,)” be the realization of the stochastic process defined by

Y= X(t;) — X(ti-1) (2.5)

where t; = L and tg = 0 with ¢ =0, ...,n.
n

The process Y(,) is a strongly correlated stationary sequence. In particular, for
H > %, the correlation between the past and future is positive, increasing from 0 to 1
as H increases from % to 1. This means that a fGn with H > % is persistent and the
persistence increases with H. On the contrary, in the case H < %, this correlation is
negative and decreases from 0 to —3 as H decreases from % to 0. This means that
a fGn with H < %, large positive values tend to be followed by large negative values

and vice versa.
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It is not difficult to calculate from Equation (2.1) the covariance matrix associated
with the process Y (). For all 7,57 = 1,...,n we have:

(Cr)my) gy = 5 (1= F + 1 10— j =17 = 2]i = 7). (2.6)

N

a ..
Note that Y; ~ n(0, nZ—H)7 giving

R 2ma —1/2 n2H _
Dpost(aa Y(n)) = 6 (7127}1) n/2 ’(FH)(n)| €xXp ( - %Y,(J;L) (FH)(nl)Y(n)) (27)

Clearly this posterior distribution contains exactly the same information about the
parameter a as the posterior distribution in (2.4). Since the stochastic process Y () is
stationary, it will be more convenient in the calculation of the posterior distribution.

2.2 The inverse of (I'y)()

First of all, note that since the stochastic process Y, is stationary, the covariance
matrix (I'zr) () is a Toeplitz matrix, i.e. a matrix of the form

['ijkmk:O'

In this section, we calculate the inverse of (I'fr)(,,) explicitly. We prove that the inverse
of the covariance operator does exist and then use a result presented in [11] to find
a suitable representation for the elements of the covariance matrix. On the basis of
a numerical simulation, we construct a new matrix approximating the inverse of the
covariance matrix and calculate its elements.

We prove that (I'gr)(n) is invertible. To this aim, we first consider the infinite matrix
'y associated with the covariance operator and prove it is positive. Using the fact
that (I'gr)(n) is nothing else than the n x n upper-left corner of I'yy, we prove that
(I'r ) (n) is invertible.

First, define Z = {z € C[(2;27) € I°°} and C" = {(z;)32,;2z; € C} and consider T'y
to be a linear map Z — CY. Then

Proposition 2.8. 'y is positive, i.e. I'yz,z) >0 if z#0.

Proof. To prove that I'y is positive, we can study the spectral density. We need to
prove that (' z,z) > 0 if the real vector z € Z is not a zero vector.

To this aim, we rewrite the element in (2.6) as:

(Tt = 7 = / P 2GR F(\) (2.9)

1
2
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where

o0

fy=clem — 1t 3

m=—0o0

1

2H+1

—— <A<
A+ m]|

A0,

w\h*
N)M—l

with C' > 0, is the spectral density of fGn (see [19]). Noting that I'y is symmetric,
since f is even, and

) 2
je2mix |7 = ‘2771’)\ + O(|/\\2)‘ =4r AP+ O0(N)  as [N — o0,

we see that this spectral density is proportional to near A = 0.

Therefore, the spectral density is continuous, if H < % Moreover, the spectral density
is singular but integrable at A =0, if H > % .

Hence, we can write:

1

(Tpz, z) :/_i(i 2N, ie 21N ) F(A)dA
12 - - ) (2.10)
:/21 Zemy\ 2 f()x)dA:/i |g()\)|2f(>\)d)\.
T2 |j=0 32

The function
o0 oo
= Z eQ”ijAzj = szwj
Jj=0 Jj=0
is an analytic function on the disc and is not identically zero, and hence is equal to
zero at most on a countable number of points.

Since f(A) > 0 for A # 0, and since g(A) = 0 at most on a set of Lebesgue measure
equal to zero, the integral in (2.10) is positive for each z # 0, i.e. (I'y) is positive. W

Corollary 2.11. (I'y)(n) is invertible.

Proof. Tt is enough to show that the matrix (I'g)(,) defines an injective linear map
C" — C". Assume z = (21,...,2,) is such that (I'g)(,)z = 0. Since (I'g)(y) is the
n X n upper-left corner of (I'y), interpreting z = (z1,...,2,,0,...,0) € Z, we obtain
(Tu)myz,2) = Tuz,z) =0,ie z=0. [ |

To calculate the inverse of the covariance matrix, as already mentioned, we are going
to use a result presented in [11]. Since we do not use the theorem in the form presented
there, but only a part of it, we need some preliminary considerations.

Consider the system of equations

Z’yj,kmk = 5j0 (] =0, ...,n), (2.12)
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which can be rewritten as
(@0, 21, s 20)" = (Car) (1,0, ., 0)T (2.13)

and since (I'gr ) () is invertible, the elements (20, 21, ..., 7,) can be determined uniquely.
To get a factorization of the covariance matrix, we will use the following result

Theorem 2.14. If a Toeplitz matriz A,, = |aj—k|?,k:0 satisfies

EZ:O a; kT = 0jo (j=0,..,n)
> k0 @~ kYk—n = Ojn (j=0,..,n)

with xo # 0, then A, is invertible and its inverse is

To 0 v 0 Yo Y-1 ... —n
A_l _ -'1361 I o SN 0 0 Yo oo Y—n+41
Ty Tp—-1 ... X 0 0 N Yo
0 0 0o ... 0 0 0 =z, zp_1 . T
Un 0 o ... O 0 0 0 Ty ... X9
- Y=nt1 Y-n 0O ... O 0 e
.. e e e . 0 0 0 Tn
Yy-1  Y-2 Y-3 ... Y- O 0 O 0 ... 0
Proof. See [11]. [ |

To prove that the matrix (I'fr)(y,) satisfies the hypothesis of Theorem 2.14 in addition
to Equation (2.13), it is sufficient to prove that for the process in Equation (2.5), the
element xg is different from zero. Suppose, by contradiction, that ¢ = 0, and rewrite
Equation (2.12) as

171+ Ty + e F Ty =1
1Yo + 22Y0 + oo + TnYn—2 =10

T1Vn + T2Vn—1+ -+ Ty =0

This is a system with n + 1 equations and n unknowns. It is enough to consider the
last n equations to solve the system. We have

(@1, 20)T = (Ca) (05, 0)

Thus, the fact that o = 0 implies that the vector (zg,x1, ..., ) is a null vector. This
is a contradiction.
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Since (I'mr)(n) is symmetric, v; = y_;. This implies that z; = y_; (i =0,...,n) in
the hypothesis of the above theorem. Then, since the system of Equations (2.13) is
satisfied and xg # 0, the assumptions of Theorem 2.14 are satisfied.

From the factorization in Theorem 2.14 it follows that the elements of (I’ H)(_nl) can be
calculated for all j,k = 1,...n from the formula (see [11]):
(Ca)o) ;1 = 0 = g s g [ 2k — Ty Tk (2.15)

where
9(()2) = Tk g;(;é) =xy (k=0,1,...,n).

Now that we have a recursive formula for gj(-z), he following result on the asymptotic

)

behavior of gj(io as k — oo can be stated:

Proposition 2.16. With j fized and % <H<I1

1

kz) as k — oc.

((FH)_l)jk _ g}(coo) — HEQH - 1) [F2 2 4 0(

Proof. As shown in the proof of Proposition 2.8, the function f(\) has an integrable
. . 1—2H ..
singularity of the type |A| at origin.

Since j is fixed, we can suppose without loss of generality that j = 0. Then

3 o 3 e—27‘rik‘>\
(C)™Y),, = o >:/ A,

Using the result shown in the proof of Proposition 2.8, we can write the asymptotic
behavior of the spectral density when |A| — 0:

T 2 = 1
fA) =Cle*™* 1] m;ooilwrmlwﬂ
. 1
= 1 (AT Y e
’e | (| | T;)|/\+m|211+1)
1
=CUr NP +ONP(IN2HE LS —
(dm |A* + O(AP) (|7 %Mmlwﬂ)
2H41 A
=C(|A| + Z W)T(A),
m##0

where r(A) = 47 + O(|A]*) as |\| — oo.
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Letting R(A) = 1/Cr(X), we have

1 1
fF)

A2

2H+1)

Cr(N(N 3, P

RV 1
= o T

where

o(A) = 3 (AL y

o A+ m)|

Remark 2.17. Noting that ¢(|A]) = O(A*7 ) as |A| — 0 we have

e If H > 1 the function ¢(|A|) is twice differentiable at the origin.
e If H < 3 the function ¢(|A|) is once differentiable at the origin.
Thus
T —2mi(k)A
(o _ [F 2 gy
=/ ey
2 (2.18)
2 ,
:/ 2N |\ 2H=L ()N,
-3
where
R(N)
P(A) = —————.
) =555

Since 2H 41 < 3 for each H € (0,1), we have

1

O(|A]) =
() = o o

as |\| — 0.

To prove the theorem, one has to study the asymptotic behavior of the integral in
(2.18) as k — oo. Using the result in Proposition 2.19 presented below and Equation
(2.18), it follows that for 3 < H <1

g](goo) _ /21 e 2mi(k) \ |/\‘2H—1 ‘I’(|/\|_2H_1)d/\
1 i —2H —2H—-1

= _—T'(2H)e™H oo,

mC (2H)e"™ ™ |k + O(|4] ) as k— oo

This proves the theorem. |
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Proposition 2.19. (Ederlyi’s theorem) If g(\) € C? and 0 < 3 < 1 then:

a . o B 145
/ |)\\ﬁ_1 g()\)ewx d\ ~apy @ + 0y @) v — 00
0

where

() :
=9 ©)pit+5

ir(j + B)
jla « ) exp( 2a

).

Proof. See for example [6], page 157. The proof presented in [6] is for the case g(\) €
C*. In going through the proof of Theorem 2.19, we note that if g()\) is at least
twice differentiable at the origin, we can write the term ay and give an estimate of
the behavior of the remainder as v — oo. |

Remark 2.20. The proof of proposition 2.16 is usually given using the Tauberian
theorem. We prove that neither in that case we can relax the restriction on the Hurst
parameter H.

To do this, consider the function h(z) = (1 — 2)?# — 2 + (1 + x)?#. Calculating the
Taylor series for h(z) around x = 0 we have

h(z) = 2H(2H — 1)z + O(z?).

Letting = = 1/k with
1

k>1
D, k2

1
and we have

2H -2 1
v = H(2H — 1) |k| —i—O(ﬁ), as k— oo.

Applying the Tauberian theorem shown in [22] we can rewrite the integral in (2.18).
However, to be able to use the Tauberian theorem, the process should have long-range
dependence, i.e. % < H<1.

Figure 2.1 shows a plot of the solution of Equation (2.13) calculated from the 90 x 90
covariance matrix of a realization of f{Gn measured over the time interval [0, 1]. Hence,
from the computer simulations, it would seem that, for n large enough, only terms
gj—k with |j — k| < 2 contribute significantly to ((I‘H)(_nl)) For this reason, we shall
henceforth consider the following approximate problem:

Given the posterior distribution

app 2ra. _, —1/2 n2H _
Dpiti(a, Y () = ﬂ(iﬂw) (T a) )] exp(——% Y (o) (C) (05 app Ym))s (2:21)
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1200
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800 - 1

600 - 1

400 - T
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-200 - T

-400 - T

_600 1 1 1 1 1 1 1 1
0 10 20 30 40 50 60 70 80 90

Figure 2.1: Solution vector of Equation (2.13).

where

C1 Co 0
C2 C1 Co 0

(T i) (2.22)

P R B

we prove that lim, .. P(@a—e<a<a+e)=1.

In the following, the elements of the matrix (FH)(_nl) app r¢ calculated using the
method illustrated in [23]. This paper gives a result which is theoretically quite

similar to the one we found using Theorem 2.14, but simpler to apply numerically.

Suppose that (FH)(_nl) ~ (Ty)t Thus (T'gy)

(n),app FH)(n) ~ j(n), where j(n) is

-1
(n),app(
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the n-dimensional identity matrix. This means

cc ¢ 0 .- Yo M1 V2 1
co ¢ c2 O Mmoo om0 10
0 Co C1 Y2 Y1 Yo 0 1

One way of calculating numerically the value of the elements ¢; with ¢ = 1,2 is to
consider the 3 x 3 upper-left corner of the full matrices (I'yr)(,,) and (I’ H)(;LI) and,
for example, to solve the equation

(c2,c1,2)[(TH)mylaxs = (0,1,0).

In this way we get the explicit solution

app

¢i = ((Cu) )2, 4im1)-

A 3 x 3 matrix is the smallest we can consider in the case of an approximate inverse
covariance matrix with three diagonal elements different from zero. On the other
hand, it is easily seen that it is not useful to consider a larger matrix in this case.
If we, for example, consider a 4 x 4 matrix, then in each row we have at least one
element equal to zero. If we consider the equation

(CZaCl,c2a0)[(rH)(n)]3X3 = (Oa 1,0, 0)7

the only additional information we get from this solution respect to the previous one
is that ¢ = 0. Since we suppose that we have only three diagonals different from
zero, it is enough to consider the 3 x 3 matrix to calculate the value of the elements.

In the following, the calculation of ¢; with ¢ = 1,2 in our problem is shown. We have
(Tw)mwlsxs = [ (H) 1 1(H) |, (2.23)

where
I(H)=22H-1_1 (2.24)

and
32H _ 22H+1 + 1

5 (2.25)

b(H) =

Because of the simple structure of [(I'z)(n)]3x3, we can calculate inverse:

) V- I(H)?  U(H)GH) —1)  (H)? - b(H)
(Cr)wlss = E)OH) - 1) L-bHP UH)E) 1)
(Elsssl iy “omy o -1 1-

(2.26)
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where
(T e) (my)xs| = (1= b(H))(1 + b(H) — 21(H)?). (2.27)
Then we can write:
() = (C)ooln)sa = 1550 BT (2.28)
and
H
c2(H) = ((Cr)mlaxs)y s = —775 b(bl[() )2l(H)2' (2.29)

We now have explicit values for ¢;(H) and co(H). This will allow us to calculate the

: T -1
exponential term Y(n) (FH)(n),appY(n)'

2.3 Convergence of the quadratic term S,

Let S, = YE";) (T H)(;Ll) appY(n)' Because of the simple structure of the approximation
-1

matrix (I‘H)(n) app We have

Sn = ClTn + QCQUn

where
T,=> Y (2.30)
=1
and
n—1
Up =Y YiYip. (2.31)

i=1

As already noted in the beginning of this chapter, the stochastic process Y, is
stationary, but the variables Y; are not independent, even if they are identically dis-
tributed. More work is needed to study the convergence of the sum S,,.

We start by studying the asymptotic behavior of the sums 7;, and U,. To this aim,
we apply the Birkhoff-Khinchin theorem (see [10]) to get a result which is similar to
the strong law of large numbers for the process Y ;).

Since t; = i/n, every time a change in the value of n gives a new set on points. To
avoid this problem, we need a new process.

Consider the process defined by
Y= X () = X (fis1)

where t; —t,_1 =1 fori=1,...,n and £y = 0.
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Next, define
T;Lnf _ Z(Yiinf)Q (232)
i=1
and .
Ut =Yy (2.33)
i=1

Note that the sequences T:*f and U™ are stationary, since YE‘;Lf) is a stationary process.

The Birkhoff-Khinchin theorem can be applied to this process. Note that the time
runs from 0 to infinity as n — oco. In particular, we will use the following corollary of
the Birkhoff-Khinchin theorem:

Corollary 2.34. Let {X;} denote a stationary sequence and suppose that E{Xy} <
0o. Then, for any positive integer m, with probability 1 the limit

n+m

lim — =X
i D X=X
k=n
exists, and E{X*} = E{X,}.
Proof. See [10]. [ ]
From Corollary 2.34 it follows that
inf .
lim =" = 7nf
n— oo n
and
inf .
lim n _ gyinf
n—oo M —
with ' _ _
E(1™) = B(Y§™)?) = Var(%™)) = a
and

E(U™) = E(Y"Y$1) = Cou(Y™YV) = a (227! = 1),

Since the process Y(,) is H-self-similar, i.e. Y(at) has the same distribution as
a~HY (t), and n~HY; has the same distribution as Y;f.

Therefore, it follows that in the limit n — oo

T,
L o
o~ T(n)

and
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with
E(T(n)) = E((Yo)?) = Var((Yo)) = nZLH
and )
E(U(n)) = E(Y;Yiy1) = Cov(Y;, Yiq1) = nQLH(22H—1 —1).

Thus for the quadratic term S,, in the limit for n — oo, we have

E(S,) = E(c1 (H)T, + 2¢2(H)U,)
~ (c1(H)nE(T(n)) 4 2¢o(H)(n — 1)E(U(n)))

_ (n % e (H) + 2&(n — 1)(2?:—1 — 1)CQ(H)) (2.35)

a n(1+b(H)) - (n—1)I(H)?
n2H 1+ b(H) — 21(H)? ’

where [(H) and b(H) are defined in (2.24) and (2.25).

2.4 Study of D;**,(a,Y) when n — oo for t € [0, 1]

post

In the following we will prove a result analogous to Theorem 1.20 in the case of FBM.
In the computations, instead of the inverse covariance matrix (I'g)(n), we use its

approximation (I'z) (:ll) app”

Theorem 2.36. Let Y(,) = (Y1,...,Y,)T be the measurement vector in Equation
h
(25) with % < H<1and tig1 — b = ﬁ

Dyre(a, Y (ny) as given in Equation (2.21). Then for all e > 0 such that € < a,

, and a a random variable with distribution

lim P@—e<a<a+e)=1.

n—oo

Proof. Starting from Equation (2.21), we have

Pla—e<a<a+e)

" 1 /a+e BnnH () |7% e "2HYT )= You)da
= xp(——— a
C(n) G—e (277@)77’/2 H (n) p 2a (TL) H (n)vapp (n) (237)
1 ~
’(FH)(n)’_§ 8 ate 2H n2H
= E —— )% exp(———28,,)da].
Coy 7 [/&_6 (g)"* exp(=——Sn)dal
Since ¢1(H) > 2 |co(H)| for each H € (3,1), the eigenvalues of the matrix (FH)(_nl).app

are positive, i.e. the matrix (T'g) is positive definite and the sum S,, is positive.

-1
(n),app
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By Legesgue’s dominated convergence theorem, Equation (2.37) can be written as
Pla—e<a<a+e)

1 ~
| (FH)(n) |7 2 ﬂ a+e n2H n2H
= E[(—)"/? exp(———25,,)d
oo |, Bl )" exp(= g S,)da

(Tl 28 [ ESn2 n2H
—\FnJ" \n "R .
= C) (TE(Sn))™/2 Ja-e (T )" (=5 ElSn))da

where C,,) is a normalization constant.

Changing the variable t = E(S,,)/2a and calculating the normalization constant as in
the proof of Theorem 1.16, we obtain

d
B c " 2 _ I(N)
Pli— P >_ - 22 pmtgp — V)
(a 5<a<a—|—<€)_F )/n e T

(n/2 -1 (N +1)
E(S")HQH E(Sn)n2H n
here by = — 2 dy = 2 and N = o~ 2.
wnere 0 2(&+E) 5 Un 2(& — E) an 5
Lettlng t = Nu we get
dn/N do /N
I(N) = e "“N(uN)N Ndu = NN *! / e~ N(u—logu) g,
bn /N b /N

As in the case of BM, we need to estimate the interval [b,/N,d,/N] in the limit for
n — oo. From Equation (2.35) we get in the limit for n — oo, Ve < @

I b7n -k E(Sn) n2H
~ lim an®T(n(1+b(H))— (n—1)I(H)?) S 1
n—oo 2n2H(1 +b(H) — 21(H)?)(n/2 — 2)(d + ¢) 2"

Hence [b,/N,d,/N] C [3,00).

Then, applying Lemma 1.11 and using Stirling’s formula in the same way as in the
proof of Theorem 1.16, we obtain

I(N) NN+Le=Nf(e) V2r
T L(V+1)  NNH2e=Nor /N f(c)

N1/267N(1710g 1)

\%

Pla—e<a<a+e)

= =1 as n  — o0.
e Ny/N -1 ’
Since a probability cannot be greater than 1 the statement is proved. ]

Summarizing, in this section we have studied the problem of estimating the amplitude
parameter of FBM. The main goal was to prove that the associated discrete problem
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gives the correct solution in the limit. We obtained an encouraging result: if the
number of realizations is large enough, the estimator a for the amplitude parameter
is equal to a with probability one. Unfortunately, we have not been able to prove
this result for the exact problem as was the case in BM. Since we can no more use
the law of large numbers, we constructed an ergodic new process and calculated an
approximation to the inverse covariance matrix in order to be able to calculate the
quadratic term. Moreover, due to a technical assumption, the inverse covariance
matrix could only be approximated for % < H < 1. Nevertheless, the computer
simulations give support for believing that the result is also valid for the original
problem.

2.5 The posterior distribution of the Hurst parameter

In this section, we study the behavior of the posterior distribution as a function of
the Hurst parameter H.

We would like to prove a result analogous to Theorem 2.36 for H.

Consider a FBM realization with an amplitude parameter ¢ and Hurst parameter H.
In this case, for simplicity, we will take the amplitude parameter as known and equal
to one, so the process is:

Z(t) = Zyz(t,w). (2.38)
The relations formulated in the beginning of this chapter become in this case
1. E(Z(t)) =0, for allt >0

2. Var(Z(t)) = |t|*", for all t >0

3. E[(Z(t+h) — Z)(Z(t+h) - Z®)] = (Bg)m)., = (27 + 27 — |t — 5T
for all t,s > 0.

Let Z(,) = (Z(t1,w), ..., Z(tn, w))T be the vector of the observed values of the process
defined above at n time instants t1,...,t,. The conditional distribution of the process
Z ) given that the random variable H is equal to H is

Dypost(H,Zn)) = Dpr(H) D(Z(,| H). (2.39)

As mentioned in section 2.1, we suppose there is no prior information on the value of
the parameter H, i.e. Dp.(H) = ¢ and the posterior distribution is

—1/2

. . 1 -
Dpost(H, Zny) = B27) " [(Z5) (m) | exp(—3 Zi(E)mZm),  (2:40)

where 8 = (t, —t1)" L.
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Next, we prove that the mass of the posterior distribution of the Hurst parameter H is
asymptotically concentrated on the point H as happened for the amplitude parameter
a.

Once again, due to the complexity of the covariance matrix, we consider the fGn
associated to the process Z(t).

Let W,y = (W1, ..., W,)T be the realization of the stochastic process defined by
Wi =Z(t;) — Z(ti—1)

i
where t; = — and with ¢ = 0, ..., n.
n

Let (f‘H)(n) be the covariance matrix of the process W,). Then

A 1
Cr)m) = i T,

where (I'g)(,) is the matrix defined in (2.6), and the posterior distribution the un-
known parameter H for the process W, is

2T 2 —-1/2 C— -1
Dpost(Ha W(n)) = ﬁ (W) |(FH)(n)| exXp ( - Tw(n)(FH)(n)W(n))

Since the matrix (I'gr)(y,) is exactly the one defined in Equation (2.6), we can proceed
in the same way than in section 2.2 to calculate its inverse.

The measurement vector W, is fixed and does not depend on H. On the other hand,
the determinant of the covariance matrix depends on H and has to be calculated
explicitly. Again, due to the complexity of the covariance matrix, it is not possible to
do this analytically. We use an approximate inverse covariance matrix.

It is clear that for the determinant of the covariance matrix satisfies

1
(Ca)m)| = ——-
)

Since the matrix (T H)(nl) is a band matrix, we need the following lemma to calcu-

app
late its determinant.

Lemma 2.41. Suppose f,g € C*[0,1] and suppose that f = |f| > 2|g|. Let M(n, H)
be an n X n symmetric tridiagonal Toeplitz matriz such that M(n, H)11 = f(H) and
M(n,H)12 = g(H). Denote by h(H) = \/f(H)? —4g(H)? and by j(H) = f(H) +
h(H). Then

det(M(n, H)) ~ h(l)(J(QH))"H (2.42)
and if j'(H) # 0 then
O (det(M(n, H))) ~ ’;‘2((;) (@)" (2.43)
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Proof. For simplicity, we will consider the matrix

1 c 0
c 1 0
N(n, H) = 0 c 1 c o --- ’

o
o
—_

where ¢ = g(H)/f(H) and |c| < 1.

Then
det M(n,H) = f(H)" det N(n, H).

We note that the aymptotic relations (2.42) and (2.43) hold if we show that

+1
D(n):detN(n,H)Nl(l—’_a)n =An) with a=+V1-4¢

a 2

and that
19)2¢ ( det(M (n, H))) ~ Oy ()\(n))

To this aim, we define R(n) by

and show that
R(n)—1

n—oo

and
Ou(A(n)) — 0.

In the following, we use the Fibonacci-type recursion equation
D(n)=D(n—1) —cD(n —2) Yn > 2, (2.44)
and define D(0) = D(1) = 1 so that Equation (2.44) is true for n = 2.

For A(n) = R(n) — R(n — 1) we can write the recursion equation

Aln —2)

n :C2
A(n) )

A(n —1). (2.45)

Defining

Equation (2.45) can be rewritten as

A(n) =pAn—1)=---=p" 1A(1).
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This is equivalent with

R(n—1)—R(n—2)= p"2A(1)
R(1) — R(O). =A@
This means that -1
1=0
and hence R(1) — R(0) n
R(n) = R(0) + ———== (1= ")
Since 9 4a 2R(0)
R(O)Z 1+a:1—p and R( ): (1+a)2 = 1+a7
it follows

Hence, since

it easily seen that

R(n)—1
n—oo
and that
aHR(TL) =0n (1 - pn—i-l) — 0.
This proves the theorem. ]

In particular, if we consider

f(H) = c1(H)
and

g(H) = c2(H)

with ¢;(H) and co(H) as defined in Equations (2.28) and (2.29), it follows that the
matrix (M (n, H)) of Lemma 2.41 coincides with the approximate inverse covariance
matrix (I‘H)(:})’app. It can be easily shown that ¢i(H) > 2|ca(H)| for each H €
(0,1), and we can use the result of Lemma 2.41 to calculate explicitly the posterior

distribution.

In the rest of this section, we will consider the following problem. Given the posterior
distribution
2w

Dpoy, (H7W(n)) = 6( 2H

post n

—n/2 —-1/2 [C— -1
)T myamn| D= Wi (i) () gy Wim)s
(2.46)
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Conditional posterior distribution with respect ta H
50 T T T T T T T T

451 |

30

201

Dpost((a,H),X) with a=50

Figure 2.2: Posterior distributions of a realization of the same process with a different
number of measurements.

where (T'py) as in (2.6), prove that

-1
(n),app

lim P(H—e<H<H+e)=1,

n—oo

where H is the estimator of the Hurst parameter.

Using the notation of section 2.3, we can rewrite the posterior distribution as

" 2 e 1 /G(H)\"H! n2H
DR (H, W () = 5(7127}[) / ) (72 ) exp (—T(C1Qn+202Vn)), (2.47)
where N
Qn=> W} (2.48)
i=0
and

n—1
Vo= Wi Wi, (2.49)
=0
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and j(H) and h(H) as defined in Lemma 2.41.

To proceed in the same manner as in the case of the amplitude parameter, we should
integrate Equation (2.47) with respect to H. In this way we would get a result
analogous to Theorem 2.36.

Unfortunately, we have not been able to evaluate the integral of the posterior distribu-
tion (2.47) asymptotically with respect to H. As shown in Figure 2.2, the numerical
simulations show that the mass of the posterior distribution tends to concentrate on
the true value of the Hurst parameter when the number of observations increases.

Even if weaker then the original proposition, it would be a good result from the

applied point of view to prove that the posterior distribution Dp.?,(H, W ;) attains

its maximum for H = H as n tends to infinity. This would guarantee that the
maximum of the posterior distribution gives the true value for the estimator based on
the approximate inverse covariance matrix. This would also prove that we can solve
the associated discrete problem and get the asymptotically correct value of H by the
statistical inversion method.

In order to calculate the maximum, we have to calculate the derivative of the posterior
distribution in (2.47). We have succeeded in proving that the derivative of the poste-
rior distribution is positive for H < H and negative for H > H when n is large enough.
From this, we can deduce that the posterior distribution is an increasing function for
H < H and a decreasing one for H > H. Hence the posterior distribution attains its
maximum value at H = H.

In the following theorem, we study the sign of the derivative of the posterior distri-
bution.

Theorem 2.50. Let J
D/(H) = DU (H, W ) (251)
Then for n large enough, the function D'(H) is positive for H < H and negative for

H>f[withH€(%,1) and n > m.

Proof. We start by calculating the derivative of the posterior distribution in (2.47)with
respect to H. We obtain

d I n2H
DU (H, W) = B(2m) "/ Hh(H)((2)) exp (= = (c1Qu +2e3V2)
nj'(H) ol n?t q d
[nl L 2e,V,) — (L 2 ¢
[n Ogn + ](H) n Ogn(len + C2Vn) 2 (dHcl Q’I’L + dHCQVn)]7

(2.52)

where ¢;(H) and co(H) are defined in (2.28) and (2.29) and j(H) and h(H) in Lemma
2.41.

The elements ¢; (H) and co(H) depend on H, but not on n. Using the same argument
as in section 2.3, it follows in the limit for n — oo from the Corollary 2.34 that
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S P V)
with
E(Q(n)) = E((Wo)?) = Var(Wp) = nQLH
and
E(V(n)) = E(W;W;_1) = Cov(W;, Wi_1) = Tﬂ%(zﬂ'f*l —1).

Since @, and V,, do not depend on H, we can deduce the following by studying each
term of (2.52):

1. The term

1 /j(H) n2H

/6(27T)7n/2 nnHﬁ (T>n+1 eXp(*T(ClQn +2¢V,))

is always positive VH € (3, 1).
2. The term

>

oH n2f d d
—n*"logn(c1Qn + 2c2V,) — —(EQQn +2-—c Vi),

2 dH
(2.53)

nj'(H)
Jj(H)

[n logn +
is the one which determines the sign in Equation (2.52).

For large enough n, there are only two important terms when studying the sign in
(2.53). The first one is nlogn and the second one, as n tends to infinity, is
n*"logn(ci(H)Qn + 2¢2(H) Vi)
~ n2 logn(nci (H)Q(n) + 2(n — 1)c2(H)V (n))
= n?" ]og n(ncl(H)n_QﬁQinf +2(n—1)c (H)n_QﬁVinf)
— p2(H-H) log n(ney (H)Q™ +2(n — 1)02(H)Vi’“f)7
where Q™ and V™™ are analogous to 7 and U™, defined in Equations (2.32) and
(2.33), do not depend on n.

In particular, if H < H then (2(H — H) 4+ 1) < 1, the dominating term in (2.53) is
nlogn and the derivative in (2.52) is positive.

On the other hand, if H > H then (2(H — H) + 1) > 1, hence the dominating term
in Equation (2.53) is

n2(H—H)

5 logn(ney(H) +2(n Deo(H) (2271 — 1)),
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Since (ney(H) +2(n — 1)02(H)(22H’1 — 1)) is positive for

2eo(H)(22H-1 — 1)
Cl(H) + 202(H)(22H—1 — 1)

and for 3 < H < 1, the derivative in Equation (2.52) is negative. [ |

Summarizing, we have studied the problem of retrieving the Hurst parameters from
the realization of FBM. We considered the approximate problem in order to com-
pute the posterior distribution. We studied the sign of the derivative of the function
DyP% (H, W y,)) for § < H < 1 and proved that the solution obtained by applying the
statistical inversion method coincides with the true value of the estimator when the

number of measurements is large enough.



Chapter 3

Retrieving the underlying
parameters of the sum of two FBMs

Physical measurements as a function of time contain trend and noise. The main
problem is to succeed in cleaning up the data from the noise. Traditionally, when
modelling physical phenomena, the noise is assumed to be Gaussian.

This characteristic is preserved when formulating the following problem.

We model both the trend and the noise as realizations of FBM. The measurement
vector (X (t1),...,X(tn)) is supposed to be the sum of these two realizations. In
particular, X(t;) = X'(t;) + X™(t;), where X!(t;) is the realization modelling the
trend with underlying parameters a® and H?, and X™(¢;) the realization modelling the
noise with parameters a™ and H™. Our goal is to estimate the underlying parameters
so that we can retrieve the trend.

The problem is to identify the signals, i.e. to retrieve the amplitudes a?, a” and Hurst
parameters H® and H™.

Intuitively, this ought to be possible at least for the dominating part of the measured
signal, i.e. the one with the smaller Hurst parameter H". In the following, in order
to get a better understanding of the problem, we use different scenarios.

There are obviously cases where it is not possible to recover all four parameters
at,a”, H and H". For example, if we consider the case H' = H™, we have two
realizations of the same process with different amplitude parameters. We show in
that in this case, one can only hope to recover the sum a! + a™ of the corresponding
amplitude parameters.

After the case H' = H™ we can suppose that H* > H™ without loss of generality.
Note that a sample path of FBM gets smoother as the Hurst parameter H increases.
In practice, the realization of a FBM with a larger Hurst parameter H® models well
the trend contained in the measurement data. It is therefore reasonable to assume
that the trend amplitude a® is larger than the noise amplitude a”, since the noise is

39
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usually much smaller than the trend. For this reason, we assume that a’ > a™.

3.1 The case H! = H"

The first case is the sum of two realizations of FBM both with the same Hurst pa-
rameter. We show that we can recover the sum a’ + a” asymptotically.

To this aim, we consider two measurement vectors an) and an). Each of them is
the sum of two FBMs. Starting with the assumption that the posterior distributions
of the measurement vectors are the same, we study whether the amplitude parameters
are the same.

Consider two stochastic processes X&) = (XA(t1), ..., X(t,)) and Xa) = (XB(t), ...,
XB(t,)) defined as:

XA(ti) = (ZZZHZ (tz) + \/GZZHX (tl)

XB(ti) = atBZH% (tl) + \/&%ZHE (tl)

(3.1)

Since we are going to study the case of two realizations with the same Hurst param-
eters, we suppose HYy = H, = Hy and Hy; = H)} = Hp. We can then rewrite the
Equations (3.1) as:

XA(ti) = afélZHA(ti,wl)+\/G7‘ZHA(ti,UJ2)

XB(t;) = /a5 Zm, (ti,01) + /a3 Za, (L, 02),

(3.2)

where w;,0; € Q for i = 1,2. Note that the two components of each sum can be
different realizations of the same FBM.

In order to deal with the two covariance matrices and their inverses, we consider the as-
sociated fGn and define Y(% = (YA(ty),...,YA(t,)), and Y0, =P (). YE(ta))
as

(3.3)

The covariance matrices (Ay)(,) with & = A, B for the processes defined in (3.3) will
be of the type:

n2Hk

A = ———(T
( k)(n) ai‘i‘az( Hk)(TL)?

where (I'gr, ) (n) is the covariance matrix as defined in Equation (2.6).

As in section 2.2, we consider the approximate problem in order to be able to calculate
the posterior distribution explicitly.
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Using the notation in section 2.3, the approximate posterior distributions for the

processes Yé“n) with k = A, B as a function of the unknown parameters H, a* and a”

with % < H <1 are:

Dyt (Y(,y, Hya',a™) =

post

B gt tat a 1 n2H i - .
Gt g ) Tl exp (= gy (V) (T e V) =
B H at+a” . 1 ](H) n+1 n2H . )

’ — ———— (e (H)T¥ + 2¢2(H)U,
2t (— 2w )Qh(H)( 5 ) exp ( 2(at+an)(01( )TE + 2¢5(H)UE))

(3.4)

where TF = 3" ((Y*(t;))? and UF = >0 Y*(t;)Y*(t;41) do not depend on H,al

or a”.

The problem of estimating the underlying parameters of the sum of two FBMs with
the same Hurst parameter leads to the following theorem:

Theorem 3.5. Consider the stochastic processes Yél) and Ya) defined in (3.3) with
1 < Ha,Hp <1. Then

Dg(z)).ft(Y(}n)a Ha ata an) = Dggft(Ygz)7 H7 at7 an)
as n — oo if and only if

Hy=Hp and dY +a"% =adl5+a}.

Proof. From Equation 3.4 it follows that

DYPP (Y (), H,a' a™) = D3P (Y H,a' a™)

post post

if and only if

at +a" n/2 1 J(H) ntl n2H

Coam )" (F57) e g gy DT + 20U =
at+a" e 1 (j(H)\"H! n*t B B
o (e ) e (1 T + 202(H)UY)),

where ¢y (H) and co(H) are the elements of the approximate inverse covariance matrix
as defined in (2.28) and (2.29).

This is equivalent to

2H 2H

(1 (H)TA42¢5 (H)UL)) = exp (—m

n

St o (cr(H)TE +2¢5(H)UP)),

exp (—

so it is enough to prove that

a(H) (T, = T7) = 2¢2(H)(UY = U). (3.6)
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Applying Corollary 2.34 to the sequences T2, UA, T2 and UP as in section 2.3, it
follows for k = A, B in the limit n — oo

k t n
T | okt ak

3

n n2Hx
and . .
Up _atag (22Hr—1 _ 1),
n—1 n2Hx
Equation (3.6) implies
t n t n
ay +a’y ap +ap
ncl<H)( n2Ha - n2Hs )
t n t n
N2(n — ]_)62(H)(GIB’H2;H§B(22H371 . 1) B a:;;;[fA (22HA*1 o 1))

This is equivalent to

%(ncl(H) + 2(n — 1)62(H)(22HA71 _ 1))
~ %(ncl (H) —+ Q(n — 1)02(H)(22HB—1 - 1))

This equation is obviously satisfied if and only if H4 = Hg. On the other hand, this
condition implies that
aly +a’y = a'y + dlh.

This proves that we are not able to recover the values of the amplitude parameters of
the two FBM realizations from their sum when the Hurst parameters are equal. In
this case, there is no unique solution.

3.2 Uniqueness of the amplitude solution

In this section, we study the posterior distributions of the sum of two FBM realizations
with unequal Hurst parameters. The goal is to prove the existence and uniqueness of
the solutions in the case the Hurst parameters are known in retrieving the amplitude
parameters at and a™.

Even if the computer simulations in some cases support the statement that the solution
is uniquely determined for both a! and @™, we have only succeeded to prove part of this
result analytically. In the following theorem, we prove that the amplitude parameter
of the realization with the smaller Hurst parameter can be retrieved uniquely.

In this section, we suppose that the Hurst parameters are known. For simplicity let
H! = H) = H' and H}» = HY = H™. Since by Theorem 3.5 the condition H* # H"
is necessary for the uniqueness of the solution, we only consider the case H™ < H.
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Consider two stochastic processes Xél) = (XA(t1), ..., XA(tn)), and Xfi) (XB(ty), ...,

XB(t,)) as defined in Equation (3.1). Since the Hurst parameters are known, Equa-
tion (3.1) can be rewritten as

XA(ti) = a%ZHt(thwl) + \/(IZZHn(tZ‘,UJg)

XB(ti) = atBZHt(ti,Gl)—k\/a%ZHn(ti,G‘g),

(3.7)

where w;,0; € Q for i = 1,2. Note that even if the FBM realizations have the same
Hurst parameters, they can be two different realizations of the same process.

In order to simplify the explicit calculation we define the associated fGn. Define
(n) = (YA(t1),...,YA(t,)), and Ya) = (YB(t1),...,YB(t,)) as follows

YA(t:) = XA(t:) = XA (ti)
YB(t) = XP(t;) — XB(ti1). (3.8)

The covariance matrices (A¥)(,) with k = A, B are then

t an

a
(A" ) = —557 T ) ) + g (Crin ) )

where (I'fr)(y) is the covariance matrix defined in Equation (2.6).

Once more, since we need the inverse covariance matrix explicitly, we consider the
approximate problem as in section 2.2. Using the notation in section 2.3, the posterior
distribution for the processes an) given a' = a}, and a™ = a} with k = A, B is

a B _
ngft (Y(n)v ak’ ak) (271,)”/2 |(A (n), app| exp( (Y(”)) (Ak)(nl),appY(n))
(3.9)

In this case, we cannot take the underlying parameters out of the approzimate co-

variance matrix to calculate the inverse. We use the again the method presented
in section 2.2 to calculate the elements c1(a?,a™) and ca(a?,a™) of the full inverse

covariance matrix.

Using the notation in section 2.2, for the processes Yé“n) k= A, B we have:

t n

a a
[(A*) ]33 :nTIk{t[(FH‘)(n)]i%XS + vﬂ%[(rm)(n)bm

oo (v owEYy wEy) (1 UHT) b(HD)
=g [WHY) 1 UHY) |+ g [ UHY) 1 UH)
b(HY) 1(HY) 1 b(H™) I(H™) 1
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where
t n
a a
flag,af) = nTIﬁIt + ﬁ
F t ny __ CLZ l Ht a/z l Hn
(alwa’k)_ n2H ( )+TL2Hn ( )
aj, ay

9(‘12» a;cL) = n2H? b(Ht) + n2H" b(Hn)v
where b(H) and I(H) are defined as in (2.25) and (2.24) .
The determinant of the matrices [(Ak)(n)]gxg for k = A, B will be

|[(A%)yaxs| =f(ak, ai) [ (ak, ai)?* — g(ak, ag)*b(H")]
—2F (ay,, ay)*0(H")[f(ay, ay) — g(ai, ap)b(H™)].

For % < H*, H™ <1 we can invert the covariance matrix. The elements of the approx-
imate inverse covariance matrix will be

f(aj, ap) + g(a, ap)
flag, ap)lf(a, af) + g(aj,, af)] + 2F (ag,, af)

Cl(a’iltc? ag) =

and
F(ay, ay)

flaj, ai)[f(aj, aft) + g(aj,, ai)] + 2F (aj, aft)

Cg(@i,(l:) = -

Note that the elements ¢; and ¢y depend on the amplitude parameters a’ and a™.

Using the notation in section 2.3 for the stochastic processes an)with k= A B, it
follows that
Y?n)(Ak)(nl) (Y0 = eilag, ap) Ty + 2ea(af, ap ) Uy

Applying Corollary 2.34 to the sequences T and U¥ in the limit n — oo, we get

Ty n
T ~ f( Zuak)
and 3
U’I’L n
n—1 NF(CLZ,,CL]C).

Hence the posterior distribution can be estimated in the limit n — oo as
. app k t ny _
n11—>11<;10 Dpost(Y(n)’a’ ) @ ) -
. _n -3 n n n n n
T 52m) " | (A) )]~ exp(—5 (e1(af af) flah af) + 2ea (ol af) Faf, ).
(3.10)

The problem of estimating the amplitude parameters a® and a™ of the sum of two

FBM with different Hurst parameters, leads to the following theorem:
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Theorem 3.11. Consider the stochastic processes YE‘}I) and Y(]i) defined in (3.8)
with 3 < H', H" < 1. Then
D3P (Yé),at,a") =Dy (Ya)7at7a”)

post post

as n — oo implies
ay =a'y.

Proof. Starting from (3.10) we can easily verify that in the limit n — oo

parp (Y(/:l),at,an) — DopP (Y(B;L)7at7an)

post post

if and only if

1

nlim (27§n/2 }(Ak)(n),app}72 €xXp ( - (Cl(ata a")f(afm a?l) + 262(at’an)F(af4a a;ll))) =

1

lim B }(Ak)(n),apprz exp (-

" oo (27‘(‘)”/2 (Cl(atv an)f(atha% + 202(at’an)F(a§37a%)))'

o3 oS

We recall that the sums T,’f and U,’f with k = A, B do not depend on the unknown pa-
rameters a' and a™. Therefore, the posterior distributions of the unknown amplitude
parameters, i.e. the elements ¢; and cy, depend on a! and a™. This is equivalent to

which can be rewritten as

T [f(a",a") + gla’,a")] [(a'y,a3) — Flala3)] =
: t n t n t n (312)
lim —2F(a",a")[F(a%,a}) — F(a%y,a})].

n— o0

Since we have supposed that H > H", the dominating terms in the limit n — oo will
be those of order 1/n*H " Hence, if we consider only the dominating terms, Equation
(3.12) can be written as

1
lim ———(a"a’y + b(H")a"a’y — a"aly — b(H")a"a’y) =
: —2 n\2 n_n n\2 _n_n
lim ———(I(H")?a"a’y —I(H")?a"a’y)

where )
b(H") = 5(32H” — 220" 1 1)

and
I(H™) = (222" 71 —1).
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This is true if and only if
a™(a% — a)(1+b(H")) = 21(H")?a" (a}; — a}y).
Thereore, we must have

(a’y —a)(L+b(H™) + 21(H™)?) = 0.

Since 14 b(H™) + 21(H™)?) > 0 for all £ < H™ < 1 the condition is satisfied if and
only if @’y = a’4. This proves the theorem. [

We considered the problem of retrieving the amplitude parameters from the vector of
the sum of two FBMs with H* > H™. Our initial goal was to prove the uniqueness
of the solution with respect to both amplitude parameters, a’ and a™. Unfortunately,
the asymptotic behavior only gives the uniqueness to the amplitude parameter of the
realization with the smaller Hurst parameter, i.e. the one representing the noise.

However, the simulations, lead us to believe that also in the general case, both a' and
a™ can be determined by discrete measurements. This remains an open problem.

3.3 The uniqueness of the H solution

The aim of this section is to prove an analogue to Theorem 3.11 for the Hurst param-
eters. In particular, we will consider the sum of two FBM realizations with different
Hurst parameters H! and H" and assume the amplitude parameters are known and
by definition, always positive. For simplicity, we assume

ady=as =a% =a%=1.

This will simplify the calculations. Moreover, we assume that H* > H™ as in Theorem
3.11.

Consider two stochastic processes Xf‘n) = (XA(t1), ..., X(tn)), and Xa) = (XB(t1),...,
XB(t,)) such that

>

ES

=
[

Zp (t:) + Zuy ()

XB(t:) = Zyy, (t:) + Zuy (i) (3.13)

and define Y4

) = (YA(ty),...,YA(t,)), and YB (YB(t1),...,YB(t,)) as follows

(n) =
YAt) = XA(t) — XA (ti—)

- 5 5 (3.14)
YB(t) = XB(t;) — XB(t;_1).

Then the covariance matrices (Ak)(n) for k = A, B of these two processes will be

1 1
ky
(A" ) = W(FH;)M) + {HQTE(FH;L)(TL)
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where (I'fr)(y,)) is the covariance matrix defined in Equation (2.6).

In order to write the posterior distribution explicitly we proceed as in section 2.2. The
posterior distribution of the processes Yé"n) for k = A, B will be like Equation (3.9)

with 1 < H, H} <1.
The 3 x 3 upper corner of the covariance matrix of the process Yé“n) for al = a} =1
is

1 1
[(A%)(y)3x3 = mp (Tt )mylaxs + —3Ey [(Cap)(n)]3x3
f(HE Hy) F(Hp Hy) g(Hp, Hy)
= | F(H, HY) f(H}, HY) F(HHY)
g(Hy, Hy) F(Hp, Hy) f(Hyg, HY)

where

1 1
- n2H}€' + n2Hy
I(Hy) |, U(H)
n2H} n2Hry
b(H}) | bHE)
n2H] n2HT

f(Hy, Hy)

F(Hy, Hy) =

g(Hlthl?) =

with b(H) and I(H) defined as in (2.25) and (2.24). Then the elements of the approx-
imate inverse covariance matrix will be

f(Hy, Hi) + g(Hy, Hy)
f(HG, HY)[f(Hy, HY) + g(Hy, H)l + 2F (Hy, Hy)

Cl(HliaHI?) =

and
F(Hj, Hy)

co(HE, HPY) = — .
2 H) = = 5 a1 + g (AL, 0] + 2F (L, 717

Since we are interested in the uniqueness of the solution of the Hurst parameters, we
remark that also the elements ¢; and ¢y depend on the parameters H® and H".

Using the same notation in section 2.3 for the stochastic processes Yé“n)with k=A,B,
it follows

Y0, (M) S (YT = e (HY HE VTS + 2eo(HE, HY)U.

Applying Corollary 2.34 to the sequences T and UF in the limit n — oo, we get

Tk n
I pg, mp)

and
Uk
"~ F(HHY)

n —
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Hence, the posterior distribution for the process Yé“n) given H' = H} and H" = H}!
equals

DZSSt(Y?nyHthn) = 5(271—)_% |(Ak)(n),am>)|_§ (3 15)
n n n n n ’
cexp ((— §(Cl(HItchk)f(Hlthk) + 2co(Hj, HY)F(Hy, Hy))).

The problem of estimating the Hurst parameters H® and H" of the sum of two FBMs
with amplitude parameters known leads the following theorem:

Theorem 3.16. Consider the stochastic processes Y(‘}I) and ng) defined in (3.14)
with % < HL,H} <1, where k = A, B. Then

Dy (Y, HY  H™) = Dy (Y (), HY H™)

post post
for n — oo implies
n __ n
H% = HE.

Proof. Starting from (3.15), we can easily verify that in the limit n — oo
pepp (YA),Ht,Hn) — Dopp (Ya),Ht,Hn)

post (n post

if and only if

lim (2ﬁ)n det A=2 exp ( — g(cl(Ht,H")f(Hf47HX) + 202(Ht,Hn)F(Hf4,HZ))) =
n—oo (277)2

lim ——— det A=% exp ( — = (cy (H', H") f(Hly, H}Y) + 2co(H', H")F(HY, H})))
n— oo (277)2 2

with det A = |(A®) () app)|- This is equivalent to

n—oo

n—oo

(3.17)

We can here use the same argument as in the proof of Theorem 3.11. Since we suppose
that HY, > H% and Hf > H}, the dominating terms in the limit as n — oo, will be
of the order 1 /nQ(HXJng). Hence, considering only the terms of this order, Equation
(3.17) can be written as

M 1 n n

. —2 n n n
nhjgo ml(ff )(Z(HA) - l(HB))
if and only if
[(H3) = l(H})-

This is satisfied if and only if H} = H3. [ |
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Our goal was to prove the uniqueness of the solution with respect to both Hurst
parameters. We have only succeeded in proving the uniqueness with respect to the
smaller of the Hurst parameters, H™.

On the other hand, computer simulations were successful in some cases in retrieving
both parameters quite accurately. We think that when studying the asymptotic be-
havior of the posterior distribution analytically, we lose some information present in
the simulations.

Of course, the loss of information may be due to the fact that we consider the ap-
proximate inverse covariance matrix. It is possible that taking a band matrix with a
larger band could lead to better results, but the calculations would get much more
complicated.

This remains an open problem.






Chapter 4

Numerical simulations

Numerical simulations play a central role in this work. In fact, this work started
with computer simulations. The theory, as presented in previous chapters, has been
developed on the basis of the numerical results. In this chapter, we compare the
analytical results with the obtained simulation results. As pointed out in previous
chapters, the numerical simulations show more features than those we have succeeded
in proving analytically. The simulations were done in MATLAB.

The first step in the simulations is to generate FBM realizations, given the Hurst
parameter and the number of measurements. All realizations are performed for ¢ €
[0, 1].

In the next paragraphs, we show how the posterior distributions behave in the follow-
ing cases:

1. Retrieving the amplitude parameter from a realization on FBM

2. Retrieving the Hurst parameter from a realization of FBM

3. Retrieving the underlying parameters from a measurement vector which is the
sum of two realizations of FBM.

4.1 Retrieving the amplitude parameter from a realization of
a FBM

To study the behavior of the posterior distribution when retrieving the amplitude
parameter from a realization of FBM, we first generate a FBM realization Zy with a
given Hurst parameter H. Then we choose a value for the amplitude parameter a and
calculate the measurement vector X as in Equation (2.2) and calculate the posterior
distribution Dp,s(G,X) as shown in Equation (2.3).

The resulting posterior distribution is shown in Figure 1.2.

o1
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The use of different values for the Hurst parameter has no effect on the behavior
of the posterior distribution. We have not found any relation between the Hurst
parameter and the amplitude parameter that could influence the behavior of the
posterior distribution of the amplitude.

On the other hand, the number of observations n in the measurement vector quite
strongly affects the posterior distribution Dpos(a, X).

To study what happens when the number of observations increases, we generated a
realization of FBM with 2000 points (tg = 0, ..., t2000 = 1). From this realization, we
created measurement vectors of different lengths by picking up observations at times
tnn with b fixed and n =0, ...,2000/h.

We calculated the resulting posterior distributions using the same realization, but
doubling each time the number of observations.

Table 4.1 shows the numerical results obtained for the amplitude parameter in a FBM
realization when the Hurst parameter equals 0.7, the amplitude a equals 50 and a is
the amplitude estimate.

Table 4.1: Posterior distribution maxima as a function of n with a € (1,800).

n | max(Dpost(a,X)) @
26 0.10 33
o1 0.08 47

101 0.13 43
201 0.15 51
401 0.25 49

It is easy to see that the posterior distribution becomes more peaked and the estimate
of the amplitude parameter more reliable as the number of observations increases. A
graphical representation of this behavior is shown in Figure 1.3.

4.2 Retrieving the Hurst parameter from a realization of
FBM

To study the behavior of the posterior distribution when retrieving the Hurst pa-
rameter, we proceeded as with the amplitude parameter. We first generated a FBM
realization Z, with a given Hurst parameter H. Then we chose the amplitude pa-
rameter a to make the measurement vector Z = \/aZy and calculated the posterior

distribution Dpost(fl, Z) as shown in Equation (2.40).
As in the case of the amplitude parameter, we could not find any relation between the

values of the Hurst parameter H and the amplitude parameter a that could influence
the behavior of the posterior distribution Dyt (H,Z).
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On the other hand, the number of observations has a significant effect on the behavior
of the posterior distribution with respect to H.

In the simulations, we used the same measurements as with the amplitude parameter.
This means that both the original vector (i.e. the one containing 2001 observations)
and the shorter vectors are the same as used in the previous section.

Table 4.2: Posterior distribution maxima as a function of n with H € (0,1).

n | max(Dyost(H,X)) H

26 12.50 0.76
51 19.10 0.70
101 30.65 0.71
201 47.28 0.70
401 1016 0.70

Table 4.2 shows the numerical results obtained for the Hurst parameter in a FBM
realization when the amplitude equals 50, the Hurst parameter 0.7 and H is its esti-
mate.

It is easy to see that the estimate becomes more precise and the posteriors distribution
more peaked as the number of observations increases. A graphical representation of
this behavior is given in Figure 2.2.

An interesting feature can be noted comparing Tables 4.1 and 4.2. First of all, we
cannot say, just on the basis of the simulation results, that the posterior distribution
for a tends to Dirac’s delta distribution. We can only say that the estimate of the
amplitude parameter becomes narrower when the number of observation increases.

On the other hand, the posterior distribution of H is more peaked and gets higher
at a faster rate than the amplitude distribution. In particular, it seems that after a
certain point, the posterior distribution really is like Dirac’s delta.

Our goal has been to prove that the posterior distribution concentrates on the exact
value of the estimated parameter. We have not analyzed the rate of convergence of
the posterior distribution. However, it will be useful to keep in mind this behavior
difference between the two posterior distributions in order to better understand the
numerical results obtained from the simulations of the sum of two FBMs.

4.3 Retrieving the parameters from the sum of two FBM
realizations

To retrieve the underlying parameters from a measurement vector which is the sum
of two FBMs, we have to build the simulation through the following steps:
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1. Generate two FBM realizations, X¢ and X" with given underlying parameters
at, Ht  a™, H".

2. Make Z = X! + X™ the measurement vector.

3. Calculate the posterior distribution according to

_ 1
Dopost(H' H" a a™, Z) = (20) /2 |8, 4 %,/ eXp(_§ZT(Zn +3,)71'7),

where ¥,, and ¥; are the covariance matrices of the stochastic processes X,, and
X, respectively.

4. Calculate the marginal distributions of each of the unknown parameters and
plot them.

The idea in taking the sum of two FBMs is that we also consider the error to be a
FBM realization. Usually, in this kind of simulations, once the realization is given,
the error is added in order to model the measurement vector. In practice, this is
usually done by generating a vector of random variables with Gaussian distributions
and adding it to the realization vector (see e.g. [5]).

Since we suppose here that also the error is a FBM realization in the vector Z, both the
trend and the error are modelled. The noise vector is characterized by an amplitude
smaller than that of the trend, and a smaller Hurst parameter.

As a result of each simulation, we obtain four different posterior (marginal) distribu-
tions: Dypost(H', a',Z), Dpost(H™,a",Z), Dpost(H", H",Z) and Dpos(a’,a™, Z).

The first observation from the simulations is that Dyest(H®, a', Z) = Dpost(H™, a", Z)
and, in particular, that we get an estimator of the smallest Hurst parameter, H* or
H™. This result is fully supported by the analytical results, where we stated that in
the case of the sum of two FBMs, only the smaller Hurst parameter can be uniquely
estimated.

To study the behavior of the posterior distributions from a sum of two FBMs, we
simulated the measurement vector with different values of the underlying parameters.
We show the most relevant simulation results in a few figures.

First, the case where H" = H' = 0.3, " = 100 and a! = 500.

As seen in Figure 4.1, the posterior distribution Dyesi(H™, a™, Z) attains its maximum
for H™ = 0.28 and a™ between 500 and 600. Dy,s(H™, a™, Z) attains a local maximum
for H™ = 0.22 and a™ around 350. It is obvious that D, (H", a™, Z) is quite peaked
with respect to H™, but not with respect to a”.

Furthermore, the posterior distribution Do (af, a™,Z) is quite flat and gives for all
values of the amplitude parameters a™ and a’ a probability different from zero. The
posterior distribution D,,st(at, a™, Z) is symmetric, since it is not possible to choose
between the values of a™ and a‘. The posterior distribution D,.s:(a’, a™, Z) attains its
maximum for (a’,a™) = (600, 1). In particular, all the values on the line a‘+a™ = 600
have a high probability.
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posterior with respect to H1 and a1

posterior with respect to a1 and a2
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Figure 4.1: Posterior distributions for the sum of two FBMs with H = H" = 0.3,a® =

500, a™ = 100.

This numerical result supports the analytical result shown in section 3.1. We can
conclude that, in the case of a measurement vector which is the sum of two FBMs
with equal Hurst parameters, the amplitude parameter estimates obtained by the

statistical inversion method are not reliable.

The next case is H" = 0.1, H® = 0.9 and a' = a™ = 200 to check how having the
same value of the amplitude parameter affects the posterior (marginal) distributions.

Figure 4.2 shows both D,os:(H, H",Z) and Dp,st(at,a™, Z). As with the amplitude
parameters, Dyos:(H', H",Z) is always symmetric. In particular, Dy, (H*, H",Z)

attains its maximum for (H', H™) = (0.98,0.13).

However, Dp,st(a’, a™, Z) attains its maximum for (af,a™) = (165, 165).

posterior with respect to H1 and H2

posterior with respect to a1 and a2
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Figure 4.2: Posterior distributions for the sum
0.1,a’ = 200, a™ = 200.
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of two FBMs with H! = 0.9, H"
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We deduce that the underlying parameter estimates of the sum of two FBMs with the
same amplitude are quite reliable.

All the analytic results on retrieving the Hurst parameters are restricted to the case
of H' and H" >  for technical reasons.

The numerical results for the sum of FBMs with H! = 0.3, H® = 0.1, a* = 500
and a" = 100 are shown in Figure 4.3. It is possible to see that D,.s:(H®, H",Z)
attains its maximum for (H*, H") = (0.28,0.22), but this maximum is not as as
sharp as in the previous simulation. This indicates uncertainty on the value of the
estimate. Moreover, there is also a local maximum for (H*, H") = (0.92,0.20) where
the posterior distribution attains a value only slightly smaller than for (H!, H") =
(0.28,0.22).

On the other hand, D,,s:(a’,a™, Z) attains its maximum for (a’,a™) = (600,1). How-
ever, the posterior distribution is quite flat and small in value. This means that the
information obtained from D,s¢(at, a™, Z) about the most probable value of (a’,a™)
is quite poor.

posterior with respect to H1 and H2 posterior with respect to al and a2

800
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Figure 4.3: Posterior distributions for the sum of two FBMs with H® = 0.3, H" =
0.1,a’ = 500, a™ = 100.

It is obvious that the parameter estimates are not reliable in the case of a measurement
vector which is the sum of two FBMs with both Hurst parameters less than %

If both Hurst parameters are greater than %, we have the same result. Figure 4.4

shows that D,.s:(H", H",Z) attains its maximum for (H*, H") = (0.82,0.75), giving
a hint that both Hurt parameters are indeed greater than % The posterior distribution
Dpost(H ¢, H™, Z) is much sharper than in the previous case and attains values different
from zero in smaller area than in Figure 4.3.

The posterior distribution Dy,st(at, a™, Z) attains its maximum for (af, a™) = (800, 1).
Also in this case, the posterior distribution is quite flat and small in value. More-
over, there is an area of (H¢, H") greater than 700 where the probability distribution
Dypost(at,a™, Z) attains quite a high value. This indicates again that there is uncer-
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tainty on the value of the amplitude parameter estimates.

posterior with respect to H1 and H2 posterior with respect to al and a2
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Figure 4.4: Posterior distributions for the sum of two FBMs with H® = 0.6, H® =
0.8,a’ = 500, a™ = 100.

Concluding, we observe that the estimates for the underlying parameters are not

reliable in the case of the sum of two FBMs with both Hurst parameters greater than
1

5
This suggests that the FBM realizations from which we generate the measurement

vector as their sum should be different enough so that they can be better recognized
in the posterior distribution.

For this reason, we show the numerical results obtained in the case of the sum of two
FBMs with H® = 0.9 and H" = 0.1. Figure 4.5 shows the posterior distributions for
the case where a' and a™ are the same as in the two previous simulations, i.e. a® = 500
and a”™ = 100.

Dyost(H', H™, Z) attains its maximum for (H*, H") = (0.93,0.15). This is the first
time in our simulations that the estimates are close to the correct values of the
Hurst parameters. Although the posterior distribution is not as peaked as in Fig-
ure 4.4, the maximum value is greater. Comparing the two posterior distributions
Dypost(H', H™, Z) shown in Figures 4.4 and 4.5, also the area where they attain their
maxima is smaller in latter case, indicating that there is a smaller degree of uncertainty
in Figure 4.5.

On the other hand, the posterior distribution D, (a’,a™, Z) attains its maximum
for (a*,a™) = (115,100). In this case, the posterior distribution is not so small as in
the previous two cases. However, the amplitude parameter estimates are not at all
what we would expect.

From these numerical results we can deduce that the Hurst parameters obtained in
the case of the sum of two FBMs with H! = 0.9, H" = 0.1, a* = 500 and a™ = 100,
are reliable. However, the amplitude parameter estimates are not reliable.
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Figure 4.5: Posterior distributions for the sum of two FBMs with H® = 0.9, H" =
0.1,a’ = 500, a™ = 100.

Next, we study how different values of the amplitude parameters affect the posterior
distribution.

We have simulated two measurement vectors which are the sums of two FBMs where
H' = 0.9 and H" = 0.1 as in the previous simulation, but the ratio between the
amplitude parameters changes. Figure 4.6 shows the posterior (marginal) distributions
with a® = 500 and a” equal to 10 and 1, respectively.

The shape of Dp,st(H', H",Z) does not differ so much in the two cases. However,
the estimates for the Hurt parameters become more precise in the second case with
(0.98,0.22) versus the first one (0.87,0.12).

It seems that the results obtained with a™ = 10 are worse than those obtained with
a™ = 100. It is not so, if we also compare the posterior distributions Dy,s(a’,a™, Z).

We see that the posterior distributions Dp,s:(at,a™,Z) peak more quickly and give
better and better estimates both for a® and a™, also in comparison with Figure 4.5.

Previously, there was only one FBM realization, whereas here, for each calculation, two
new FBMs are generated with different parameters. This implies that the estimates
cannot always be satisfactory.

On the other hand, by studying the shapes of the posterior distributions and compar-
ing all three posterior distributions, we can get much more information than only by
taking the maximum values of the posterior distributions.

From the numerical results we deduce that the estimates for the underlying parameters
become more reliable as the ratio a’/a™ increases.

All simulations in the estimation of the underlying parameters of the sum of two FBM
realizations were performed with measurement vectors containing a constant number,
500, of observations, so that the results obtained are consistent.
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Figure 4.6: Posterior distributions for the sum of two FBMs with H® = 0.9, H" =
0.1,a™ = 500 and a’ equal to 10 and 1, respectively.

It is clear that with a larger number of observations we could obtain better estimates
for the underlying parameters.

4.4 Reconstruction

Once the underlying parameters have been estimated, we try to reconstruct the com-
ponents of the measurement vector. The goal is to obtain the trend vector as accu-
rately as possible.

This is done in the following way:

1. Given the estimated parameters H™ and a™ generate a realization of FBM.
2. Calculate Xt = Z — X™.

Figure 4.7 shows the reconstructions of the trend and noise vectors from the sum of
two FBMs with H® = 0.9 and H™ = 0.1 and with a’ = 500 and a™ = 1.
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Trend vector and its reconstruction Noise vector and its reconstruction

30 T T T T 25

Figure 4.7: Reconstruction of the trend and noise vectors given the sum of two FBMs
with H? = 0.9 and H™ = 0.1 with a* = 500 and a™ = 1.

As shown in the previous section, the statistical inversion method gives quite accurate
results in estimating the underlying parameters in cases such this one. From Figure
4.7, we can observe that also the reconstruction is quite successful.

Trend vector and its reconstruction Noise vector and its reconstruction

Figure 4.8: Reconstruction of the trend and noise given the sum of two FBMs with
H!=0.6 and H" = 0.3 with a’ = 500 and a" = 1.

Figures 4.8 show the reconstructions of the trend and noise vectors when the mea-
surements vector is the sum of two FBMs with H* = 0.6 and H"® = 0.3 and with
at =500 and o™ = 1.

We can see that when Hurst parameters are not very different, the reconstruction is
quite strongly affected. This is obviously a direct consequence of the fact that the
statistical inversion method does not give a good estimator of the Hurst parameters.
Figure 4.8 shows that in this case, the reconstruction is no more reliable.

In the last example, the Hurst parameters are the same as in Figure 4.7 and the
amplitude parameters are closer to each other. Figures 4.9 shows the reconstructions
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Figure 4.9: Reconstruction of the trend and noise vectors given the sum of two FBMs
with H* = 0.9 and H™ = 0.1 and with a’ = 50 and a™ = 1.

of the trend and noise vectors of the sum of two FBMs with H! = 0.9 and H® = 0.1
with a! = 50 and a™ = 1.

Also in this case, one can see that when the amplitude parameters are not that much
different from each other, the reconstruction is affected. The effect is not as strong as
in Figure 4.8, because the estimate of the Hurst parameter H™ is equal to the correct
value. Even in this case, the trend reconstruction is not reliable.






Chapter 5

Conclusions

Here we summarize the simulation results.

The first result on one FBM realization is that, both when retrieving the amplitude
parameter or the Hurst parameter, the estimates become more reliable with increasing
the number of observations. The rate of convergence of the estimates to the correct
values of the underlying parameters is faster for the Hurst parameter than for the
amplitude parameter.

For the sum of two FBMs, there are many results. Table 5.1 shows a summary of
how different changes in the measurement vector affect the posterior distributions
Dyost(H', H",Z) and D,ost(at,a™,Z). The last two columns are self-explanatory.

Table 5.1: Posterior distribution maxima as a function of n for some combinations of
H! H" and a’,a™.

Measurement vector Dyost(H',H",Z)  Dyost(at,a™, Z)
Ht — H"
at = an
Ht H™ <
Ht H™ >
H'=0.9 H* = 0.1 a’ = 500 a™ = 100
H' =09 H"=0.1a'=500a" =10
H' =09 H"=0.1a"=500a" =1
Increasing the number of observations

N[ D=

Prrddd | d
PhrbBdd |

It can be concluded that the best results are obtained for H! near one, H™ nearer
zero, a' large with respect to a” and a” near one.

These conditions seem restrictive, but in reality, they are not. If we consider one FBM
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realization to represent the trend and the other one to represent the noise, the trend is
usually quite smooth, so it is tempting to conjecture that the FBM which represents
the trend would a Hurst parameter near one.

On the other hand, in physics, in many cases the noise is about a few per cent, so it is
consistent to think that the amplitude parameter of the noise FBM should be much
smaller than that of the trend.

We are able to model physical measurements using a single stochastic process and
simplify the calculation procedure.
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